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Abstract:

We propose a one-dimensional, nonconvex elastic constitutive model with higher gradients that can predict
spontaneous fracture at a critical load via a bifurcation analysis. It overcomes the problem of discontinuous
deformations without additional fields, such as damage or phase-field variables, and without pre-existing cracks. A
central idea is the employment of the inverse deformation, which is a piecewise smooth mapping even when the
original deformation has discontinuities describing crack openings; the infinite strain associated with fracture
corresponds to zero inverse strain. We exploit this via the inverse-deformation formulation of finite elasticity due to
Shield and Carlson, which includes the strain gradient in the energy. The latter endows spontaneously cracked
surfaces with thin concentrated surface energy. Unlike the standard Lagrangian description, the inverse formulation
lends itself well to methods of nonlinear analysis. We illustrate with two problems under hard tensile loading: (1) a
single brittle bar; (2) a composite bar comprising a brittle material coupled with an elastic core. In both cases, we
show that spontaneous fracture occurs along a global bifurcating solution branch at a critical value of the macroscopic
stretch. This leads to a sudden drop to zero stress in problem (1). In problem (2), the brittle material fractures in a
periodic pattern of multiple cracks — in consonance with recent experiments on composite filaments. Problem (2) is
more difficult; the periodically broken material continues to interact with the elastic core as the cracks open.
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